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The relative orbit transfer problem associated with the Hill–Clohessy–Wiltshire equations is considered, and the

open-time minimum-fuel problem with impulsive control is formulated. In particular, between two elliptic relative

orbits of the in-plane motion, optimal three-impulse controllers are constructed. For the out-of-plane motion,

optimal single-impulse strategies are obtained. Based on these results and the null controllability with the vanishing

energy of theHill–Clohessy–Wiltshire equations, a designmethod of feedback controllerswith a total velocity change

close to the optimal one is proposed. It is shownby simulation results that asymptotic relative orbit transfer is fulfilled

by the proposed feedback controllers.

Nomenclature

Ai = state matrix
a = size parameter of the in-plane orbit
Bi = control matrix
b = size parameter of the out-of-plane orbit
c = drift parameter
d = deviation parameter
G = universal gravitational constant
hc = height of circular orbit
J�u;x0� = quadratic cost
Me = mass of the Earth
N = set of natural numbers
n = orbit rate
Q = penalty matrix on state
R = penalty matrix on control
R0 = distance between the target spacecraft and Earth
T = period of orbit
Ts = settling time
u = input vector
�VT = total velocity change
�V�T = minimum total velocity change
x = state vector
�x; y; z� = coordinate frame fixed in target spacecraft
Z� = set of nonnegative integers
� = initial phase on the in-plane orbit
� = initial phase on the out-of-plane orbit
�e = gravitational parameter of Earth

I. Introduction

T HE relative motion of one spacecraft (chaser) with respect to
another (target) in a circular orbit is described by autonomous

nonlinear differential equations. The linearized equations are
referred to as the Hill–Clohessy–Wiltshire (HCW) equations [1–3].
They are useful for spacecraft rendezvous and docking [4–8], as well
as for spacecraft formations [9–14]. The solutions of the HCW
equations of the in-planemotion lie on either fixed ellipses or drifting

ellipses, which are characterized by three parameters representing
the size, the deviation of the center from the target, and the drift.
When the drift parameter is zero, the solutions become periodic.
They form elliptic relative orbits of the chaser and are exploited for
passive rendezvous and formation flight, because no energy is
required to keep the chaser in these orbits. Such orbits could be used
as temporary orbits before a mission. Elliptic orbits of small size
would be convenient for proximity operations such as inspection and
repair. For long-term space missions, a series of operations is
generally planned, and relative orbit transfers are necessary when the
operation of a spacecraft changes. Therefore, it is useful to consider
the relative orbit transfer problem and to develop a good control
strategy for the transfer.

The Tschauner–Hempel equations replace the HCW equations if
the target lies in an eccentric orbit, and they are also used for
rendezvous and formation flight [7,15–18].

For rendezvous problems, impulsive maneuvers are assumed and
minimum-fuel trajectories are investigated, for which the fixed time
and/or fixed end conditions are usually assumed [4–7,16,17,19]. The
optimal solutions are obtained by solving two-point boundary
problems. In the case of a circular reference orbit, Prussing [4,5]
considered a fixed time problem and derived two-, three-, and four-
impulse solutions, whereas Jezewski and Donaldson [6] considered
the two-impulse problem with free time and fixed end conditions.
Carter [7] andCarter andBrient [16,17] assumed fixed time andfixed
end conditions and derived the necessary and sufficient conditions
for the optimal solution for both circular and elliptic orbits. For
rendezvous and transfer problems, the number of impulses needed is
known, which is at most equal to the dimension of the state space
[17,20–22]. Thus, for an optimal planar rendezvous based on
linearized equations of motion, at most four impulses are necessary.
Impulsive maneuvers are also used for formation flight [14,23] and,
in particular, a linear quadratic regulator (LQR) [10–12] is employed
for formation keeping [9,24]. Impulsive maneuvers are also
employed for the initialization problem, for which the initial
conditions for the nonlinear equations of relative motion are adjusted
to those corresponding to periodic solutions, thusmaking the relative
motion bounded [23,25]. It is shown that a single impulse is suffi-
cient for the initialization of the relative motion between Keplerian
elliptic orbits, and the impulse with minimum velocity change is
obtained [25].

Recently, it has been shown that the HCW equations and the
Tschauner–Hempel equations have the property of null controll-
ability with vanishing energy (NCVE) [26]. According to this
property, any state of the system can be steered to the origin with an
arbitrarily small amount of control energy in the L2 (square integral)
sense [27].Using this property, the relative orbit transfer problems by
continuous-time feedback controllers with small L2 norms were
studied by Shibata and Ichikawa [26]. Feedback controllers are
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designed through algebraic and differential Riccati equations with a
small penalty matrix on state.

In this paper, the relative orbit transfer problem associatedwith the
HCW equations is considered, for which the impulsive controls are
assumed and the minimum-fuel problem is formulated. Because the
in-plane and out-of-plane motion are decoupled, they are considered
separately. The trajectories of the in-plane motion are characterized
by three parameters, �a; d; c�, where a is the size of the ellipse, d is
the deviation of the center of the ellipse from the origin, and c is the
magnitude of the drift velocity. If c ≠ 0, �a; d; c� is a drifting ellipse.
If c� 0, �a; d; 0� is a stationary ellipse, and the solution to it is
periodic. The relative orbit transfer from �a0; d0; c0� to �af; df; cf� is
described as follows. The chaser is initially at a given point of the
orbit �a0; d0; c0�. A finite number of impulse times and impulsive
velocity changes are then sought, which steer the chaser to the final
orbit �af; df; cf� such that after thefinal impulse the chasermaintains
the orbit. The minimum-fuel problem is to find a finite-impulse
strategy that minimizes the total velocity change required for the
transfer. In this problem, the initial condition is fixed, the final
condition is restricted to the final orbit but is otherwise free, the
number and the instants of the impulses are arbitrary and, hence, the
final time is free. This is an open-time problem and, to the best of
authors’ knowledge, it has not been discussed in the literature. For
this problem, the usual optimal control and optimization theories are
not applicable and so, for example, the primer vector theory is not
applicable. The parameterization of elliptic relative orbits is also used
by Campbell [13], and the minimum-time and minimum-fuel
problems with a fixed final time by continuous controls are
considered. As for the out-of-plane motion, the relative orbit is
parameterized by a single size parameter, and the relative orbit
transfer problem in the phase plane is formulated.

To solve the minimum-fuel problem for the in-plane motion, an
elementary but completely different analysis is used. First, two
lower bounds for the minimum total velocity change are established
by changing the parameter a or c by m impulses. Then, admissible
impulse strategies that attain the lower bound are sought. If the
difference of the size parameters is large compared with that of the
drift parameters, optimal three-impulse strategies can be
constructed. It is shown that the impulse times for the optimal
strategies are those instants at which the velocity in the radial
direction is zero. If the difference of drift parameters is relatively
large, only the suboptimal strategies with two or three impulses
whose total velocity changes are arbitrarily close to the lower bound
are assured. The minimum or infimum of the total velocity change
is explicitly given in terms of the size parameter or the drift
parameter. The relative orbit transfer problem for the out-of-plane
motion is much simpler; an optimal single impulse exists, and its
impulse times are those instants that the chaser crosses the orbit
plane of the target.

Once the minimum-fuel problem is solved, the next task is to
design feedback controllers for the nonlinear equations of the relative
motion. Introducing impulse times, which accommodate the optimal
impulse times, to the HCW equations, a discrete-time system is
derived. Using this system, feedback controllers whose total velocity
change to keep thefinal relative orbit as close to optimal are designed.
This is done by making use of NCVE [28,29], which this system
inherits from the HCW equations. The NCVE property suggests the
use of LQR theory with a small penalty matrix on the state. This
generally leads to the desired feedback controllers. A discretized
system together with the LQR theory has been used for formation
keeping [9] by impulse controls, for which the HCW equations with
constant disturbances are considered. The LQR theory is also used
for formation flying with pulse-based controllers [11]. The
minimum-fuel problem in the L2 sense for the relative orbit transfer
was recently considered by Palmer [30], in which the final time is
fixed. But the design of our feedback controllers has two new
features: 1) the impulse times are determined from those of the
optimal impulse strategies, and 2) the penalty matrix is selected from
the NCVE point of view and is, therefore, theoretically supported.
Similarly, feedback controllers for out-of-planemotion are designed.
The relative orbit transfer problem by feedback in this paper is

essentially the same as that of Shibata and Ichikawa [26], in which
continuous control is used.

For numerical simulations, a circular orbit of height 500 km is
considered, and relative orbit transfer problems are solved. Feedback
controllers for both in-plane and out-of-plane motion are designed.
They are applied to the nonlinear equations, and the total velocity
changes are calculated. Combined controllers are then applied to the
three-dimensional nonlinear equations of relative motion. A few
other performance indices, such as the maximum values of impulses
and settling times, are also calculated. Simulation results indicate that
feedback controllers with good performance can be designed by the
proposed approach.

This paper is organized as follows. Section I is the Introduction.
Section II reviews the HCW equations, provides the characterization
of the relative orbits, and gives the formulation of the minimum-fuel
problem for relative orbit transfer. In Sec. III, two lower bounds for
the minimum total velocity change for in-plane and out-of-plane
motion are derived. In Sec. IV, the relative orbit transfer problem by
impulsive open-loop control is considered. For in-plane motion,
optimal three-impulse strategies are constructed when the difference
of the size parameter is larger than that of the drift parameters.
Otherwise, suboptimal two- or three-impulse strategies are obtained.
Based on these strategies, a discrete-time system is derived in Sec. V,
and the design method of impulsive feedback controllers based on
NCVE is proposed. In Sec. VI, simulation results are given to
illustrate the theory and the effectiveness of the proposed controllers.

II. Equations of Relative Motion and
Minimum-Fuel Problem

In this section, the HCW equations, which describe the relative
motion of the chaser with respect to the target, will be briefly
reviewed.

Consider the target spacecraft in a circular orbit of radius R0. The
orbit rate and the period in this case are given, respectively, by
n� ��e=R3

0�1=2 and T � 2�=n, where �e � GMe is the gravita-
tional parameter of the Earth, G is the universal gravitational
constant, and Me is the mass of the Earth. To introduce the HCW
equations, a coordinate system �x; y; z�, fixed at the center of mass of
the target, is employed, where the x axis is along the radial direction,
the y axis is along theflight direction of the target, and the z axis is out
of the orbit plane and completing the right-hand reference frame.
Newton’s equation of motion then yields the following three
equations:

�x� 2n _y� n2�R0 � x� �
�e�R0 � x�

��R0 � x�2 � y2 � z2	3=2
� ux (1)

�y��2n _x� n2y � �ey

��R0 � x�2 � y2 � z2	3=2
� uy (2)

�z�� �ez

��R0 � x�2 � y2 � z2	3=2
� uz (3)

where �ux; uy; uz� are the thrust accelerations. The linearized
equations

�x� 3n2x� 2n _y� ux (4)

�y��2n _x� uy (5)

�z��n2z� uz (6)

are well known [3] and are referred to as Hill–Clohessy–Wiltshire
equations.

Equations (4) and (5) and Eq. (6) are independent. The former
describes the in-plane motion and the latter the out-of-plane motion.
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A. In-Plane Motion

The state equation of the in-plane motion is given by

_x� A1x� B1u (7)

where x� x y _x _y
� �

T , u� ux uy
� �

T , and

A1 �

0 0 1 0

0 0 0 1

3n2 0 0 2n
0 0 �2n 0

2
664

3
775; B1 �

0 0

0 0

1 0

0 1

2
664

3
775

This system is NCVE because it is controllable and the eigenvalues
of A are �0; 0; in;�in� [26]. In fact, recall that a linear system is
NCVE if any state can be steered to the origin by a control with an
arbitrarily smallL2 norm, and the necessary and sufficient conditions
for this are that the system is controllable and all eigenvalues of the
system matrix have nonpositive real parts [27]. The state transition
matrix eA1t is given by [3]

eA1t

�

4� 3 cosnt 0 �1=n� sinnt �2=n��1� cosnt�
6�sinnt� nt� 1 �2=n��cosnt� 1� �4=n� sinnt� 3t

3n sinnt 0 cosnt 2 sinnt
6n�cosnt� 1� 0 �2 sinnt 4 cosnt� 3

2
664

3
775
(8)

If u� 0, the state for a given initial condition
x�t0� � x0 y0 _x0 _y0

� �
T is expressed as

x�t� � 4x0 � 2_y0=n � �3x0 � 2_y0=n� cos n�t� t0�
� � _x0=n� sinn�t� t0�;

y�t� � y0 � 2_x0=n� �2_x0=n� cos n�t � t0�
� �6x0 � 4_y0=n� sin n�t� t0� � �6nx0 � 3_y0��t � t0�;

_x�t� � _x0 cos n�t� t0� � �3nx0 � 2_y0� sin n�t� t0�;
_y�t� � �6nx0 � 4_y0� cos n�t � t0� � 2_x0 sin n�t� t0�
� �6nx0 � 3_y0�

(9)

It is parameterized by four constants a, d, c, and � as

x�t� � 2c� a cos�n�t � t0� � �	;
y�t� � d � 3nc�t � t0� � 2a sin�n�t � t0� � �	;
_x�t� � �an sin�n�t � t0� � �	;
_y�t� � �3nc � 2an cos�n�t� t0� � �	

(10)

where

a� ��3x0 � 2 _y0=n�2 � � _x0=n�2	1=2; d� y0 � 2_x0=n;

c� 2x0 � _y0=n; cos����1=a��3x0 � 2_y0=n�;
sin��� _x0=�na�

(11)

Moreover,�
x�t� � 2c

a

�
2

�
�
y�t� � d� 3nc�t � t0�

2a

�
2

� 1 (12)

When c� 0, the trajectory is periodic with period T � 2�=n and
forms an ellipse with center �0; d� and eccentricity e�

���
3
p
=2.

Because the parameters a and d represent the size of the ellipse and
the deviation of the center of the ellipse from the origin, respectively,
they are referred to as the size parameter and deviation parameter,
respectively. The parameter � indicates the initial position on the
ellipse as shown in Fig. 1, and it will be called the initial phase of the
chaser. If the relative orbits encircle the target spacecraft, they are
useful for rendezvous and passive flyaround. If c ≠ 0, y contains the

drift term�3nc�t � t0�. Hence, c is referred to as the drift parameter.
In this case �x; y� lies on a drifting ellipse, in which the center of the
ellipse moves in the y direction with constant velocity�3nc. Thus, d
indicates the initial deviation of the center at time t0.

If an impulse input�_xj � �_xj �_yj
� �

T is introduced at t� tj to
Eqs. (4) and (5), it will change the velocity instantaneously and

_x�t�j � � _x�tj� ��_xj; _y�t�j � � _y�tj� ��_yj (13)

where _x�t�j � � limt#tj _x�t�. Then Eq. (7) becomes

_x� A1x �t ≠ tj�; �x�tj� � B1�_xj (14)

where �x�tj� � x�t�j � � x�tj�,

x �t�j � � lim
t#tj

x�t�

Suppose that the initial and final relative orbits �a0; d0; c0� and
�af; df; cf� and the initial phase of the chaser, 0 
 �0 < 2�, at t0 are
given. Then the chaser lies on the drifting ellipse with parameter
�a0; d0; c0� and the free motion of the chaser is given by

x�t� � 2c0 � a0 cos�n�t � t0� � �0	;
y�t� � d0 � 3nc0�t � t0� � 2a0 sin�n�t � t0� � �0	;
_x�t� � �a0n sin�n�t � t0� � �0	;
_y�t� � �3nc0 � 2a0n cos�n�t� t0� � �0	

(15)

Let m 2 N be arbitrary, and consider the set of m instants
t0 
 tj < tj�1, j� 1; 2; . . . ; m and m impulses �_xj at tj. The m-
impulse strategy�_x� f�_xj; tjg is said to be admissible if the chaser
maintains the final drifting �af; df; cf� orbit after time tm, that is, if
the state of the chaser after the mth impulse satisfies

x�t� � 2cf � af cos�n�t� tm� � �f	;
y�t� � df � 3ncf�tm � t0� � 3ncf�t � tm�
� 2af sin�n�t� tm� � �f	;

_x�t� � �afn sin�n�t � tm� � �f	
_y�t� � �3ncf � 2afn cos�n�t� tm� � �f	

(16)

for some 0 
 �f < 2�. Note that the deviation parameter of the final
orbit becomes df � 3ncf�tm � t0� at tm. The performance of this
strategy is evaluated by the total change of velocity

�VT��_x� �
Xm
j�1
��_x2j ��_y2j�1=2 (17)

The minimum-fuel problem is to find the minimum (or infimum) of
�VT��_x� with respect to all admissible m-impulse strategies,
m 2 N, and to constructminimizing (or suboptimal) strategies. Thus,
for our problem, the initial conditions are fixed, the final time is free,
the number of impulses are arbitrary, and the position of the chaser on
thefinal relative orbit is free. It is an open-time problem, and it has not
been studied in the literature. Our formulation is, in principle, useful
for those applications that allow long flight times.

If a0 > af > 0, d0 > df � 0, and c0 � cf � 0, the transfer could
be interpreted as one from a temporary relative orbit to a relative orbit
for inspection. The orbit transfer from �a0; d0; c0� to �af; df; 0�
covers an approaching maneuver to a rendezvous orbit, whereas the

2a

a

y

x

α

Α

Β

Fig. 1 Elliptic orbit.
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transfer from �a0; d0; 0� to �af; df; cf� covers an escaping maneuver
from a rendezvous orbit. Finally, the general transfer includes a
transfer from a drifting orbit to a drifting flyaround orbit.

For ease of notation, the argument�_x of�VT will occasionally be
omitted.

B. Out-of-Plane Motion

Now consider the state equation of the out-of-plane motion with
impulse input given by

_x� 0 1

�n2 0

� �
x� A2x �t ≠ tj�;

x�t0� � � z0 _z0 	T; �x�tj� �
�
0

1

�
�_zj � B2�_zj

(18)

where x� z _z
� �

T . The free motion is given by

z�t� � z0 cos nt� _z0 sin nt=n; _z�t� � �nz0 sin nt� _z0 cos nt

Therefore, the out-of-plane motion is always periodic and is
parameterized by b and � as

z�t� � b cos�nt� ��; _z�t� � �bn sin�nt� �� (19)

where

b��z20��_z0=n�2	1=2; cos�� z0=b; sin��� _z0=�bn� (20)

In this case, it is convenient to consider the trajectory in the phase
plane. It satisfies

z2

b2
� _z

�bn�2 � 1 (21)

and forms an ellipse with eccentricity e� �1 � n2�1=2 (see Fig. 2).
The parameter b represents the size of the ellipse, which is the

maximum distance of the chaser from the orbit plane. The parameter
� indicates the initial position of the chaser in the phase plane. The
ellipse (21) will be referred to as an orbit b, and the parameters b and
� are the size parameter and the initial phase, respectively. Let b0 and
bf be the initial and final orbits, and consider them-impulse transfer
problem. Let �_z� f�_zj; tjg be an admissible m-impulse strategy
with total velocity change

�VT��_z� �
Xm
j�1
j�_zjj (22)

Our minimum-fuel problem is to minimize�VT over all admissible
m-impulse strategies, m 2 N, and to find minimizing strategies.

III. Lower Bounds of�VT��_x� and
Minimum of�VT��_z�

In this section, two lower bounds of �VT��_x� for the general
transfer from �a0; d0; c0� to �af; df; cf� will be established, where
�_x is any admissible m-impulse strategy. In the next section, the
minimum-fuel problem will be solved by finding control strategies
attaining the lower bounds. In the case of the out-of-planemotion, the
minimum of �VT��_z� for the transfer from b0 to bf is directly
obtained.

A. Lower Bounds of VT for In-Plane Motion

Consider the orbit transfer from �a0; d0; c0� to �af; df; cf�, and let
�_x be an admissiblem-impulse strategy. Then, the following lower
bound holds.

Theorem 1.

�VT��_x� � max�njaf � a0j=2; njcf � c0j� (23)

If, in particular, c0 � cf � 0,

�VT��_x� � njaf � a0j=2 (24)

Note that the lower bound is independent of the initial phase �0. The
proof follows from the following two lemmas.

Lemma 1.

�VT��_x� � njaf � a0j=2 (25)

Lemma 2.

�VT��_x� � njcf � c0j (26)

Proof of Lemma 1. First consider the single-impulse transfer from
�a; d; c� to �a0;�; ��, where � is arbitrary. Let the initial phase of the
chaser at time t0 be �. Consider an impulse �_x� � �_x �_y

� �
T at

� � t0. Then, from Eq. (11), the parameter a at � becomes

a1 � ��3x��� � 2� _y��� ��_y�=n	2 � �� _x��� ��_x�=n	2	1=2 (27)

Substitute Eq. (10) with t� � into Eq. (27) to obtain

��_x � an sin�n�� � t0� � �	�2

� 4��_y � an cos�n�� � t0� � �	=2�2 � a21n2 (28)

Let �� be the phase at � so that n�� � t0� � �� ��� 2k�,
0 
 �� < 2�, k 2 Z�. If a1 � a0, then Eq. (28) becomes

�
�_x � an sin ��

a0n

�
2

�
�
�_y � �an=2� cos ��

a0n=2

�
2

� 1 (29)

Because Eq. (29) for ��_x;�_y� is an ellipse, it is parameterized as

�_x� an sin ��� a0n sin �;
�_y� �an=2� cos ��� �a0n=2� cos �

(30)

where 0 
 � < 2�. The parameter �� determines the position of the
chaser at � on the initial orbit, whereas � is a free parameter that
determines the impulse vector. The velocity change for this single
impulse is given by

�VT��_x�� � �n=2��a2 � a02 � 3�a sin ��� a0 sin ��2

� 2aa0 cos� �� � ��	1=2 (31)

The optimal pair that minimizes Eq. (31) is � ���; ��� � �0; �� or
��; 0�. In this case, Eq. (30) gives

�_x� � 0; �_y� � n�a � a0�=2; when ��� � 0;

�_x� � 0; �_y� � �n�a � a0�=2; when ��� � �
(32)

and the minimum velocity change is

�V�T � nja0 � aj=2 (33)

Note that �V�T is independent of the initial phase �. The optimal
impulse time �� is parameterized by k 2 Z� as

�� � t0 � � ��� � 2k� � ��=n� t0 � � ��� � ��=n� kT (34)

In view of Eq. (10),

_x���� � �an sin�n��� � t0� � �	 � �an sin ��� � 0 (35)

b

bn

z

z

β

D

C

Fig. 2 Elliptic orbit in the phase plane.
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If c� 0, the position of the chaser at �� is either point A or B in
Fig. 1, where _x���� � 0. In fact, ��� � 0 corresponds to A, whereas
��� � � corresponds to B. In the inertial frame, these points
correspond approximately to the apogee ( ��� � 0) and the perigee
( ��� � �) of the orbit of the chaser. If �� ��� � 0 and k� 0 are
selected, then �� � t0 and the impulse is applied immediately and the
transfer time is 0. Note that the velocity change is along the y
direction and is independent of parameters d and c.

Now consider the transfer from �a0; d0; c0� to �af;�;�� by m
impulses. Let �_x� f�_xj; tjg be an m-impulse strategy with t0 

t1 < � � �< tm such that am � af, where aj is the value of the
parameter a after the jth impulse at tj. In view of Eq. (33), the total
velocity change of this strategy satisfies

�VT��_x� �
Xm
j�1

�VT��_xj� �
Xm
j�1

njaj � aj�1j=2 � njaf � a0j=2

(36)

where equalities hold if and only if aj �j� 1; . . . ; m � 1� satisfy the
monotonicity condition

aj <aj�1 �if a0<af�; or aj >aj�1 �if a0>af�;
j� 0; . . . ;m� 1

(37)

and the pair �tj;�_x�j � is chosen such that

�VT��_x�j � � njaj � aj�1j=2 (38)

In fact, for the strategy �_x� � f�_x�j ; tjg,

�VT��_x�� � njaf � a0j=2

Note that the lower bound is independent of the number of impulses.
This gives a lower bound on the total velocity change required for
any transfer from �a0; d0; c0� to �af; df; cf�. This completes the
proof of Lemma 1.

After the impulse (32) at ��, parameters d, c, and � can be
evaluated by Eq. (11) and become

d0 � y���� � 2� _x���� ��_x�	=n� d � 3nc��� � t0�;
c0 � 2x���� � � _y���� ��_y��=n� c��_y�=n;

cos�0 � ��1=a0��3x���� � 2� _y���� ��_y�	=n�
� �a=a0� cos ��� � �2=na0��_y�;

sin�0 � ��1=na0�� _x���� ��_x�	 � �a=a0� sin ��� � 0

where Eq. (10) with t� �� is used. Substitute Eq. (32) into these
equations to obtain

d0 � d � 3nc��� � t0�; c0 � c� �a � a0�=2;
�0 � 0 when ��� � 0; d0 � d � 3nc��� � t0�;
c0 � c � �a � a0�=2; �0 � � when ��� � �

(39)

The phase�0 after the impulse obviously remains the same as ���. The
parameter k in Eq. (34) is useful when optimal three-impulse
transfers are established in the next section.

Proof of Lemma 2. Consider a single-impulse transfer from
�a; d; c� to ��; �; c0� by an impulse �_x� � ��_x �_y 	T at �. From
Eq. (11), c at � becomes

c1 � 2x��� � � _y��� ��_y	=n (40)

Substitute Eq. (10) with t� � into Eq. (40) to obtain

c1 � c��_y=n (41)

If c1 � c0, then �_y� n�c0 � c�, and

�VT��_x�� � ��_x2 � n2�c0 � c�2	1=2 (42)

The impulse ��_x;�_y�, which minimizes Eq. (42), is

�_x� � 0; �_y� � n�c0 � c� (43)

and the minimum velocity change is

�V�T � njc0 � cj (44)

Note that the optimal impulse is along the y direction and is
independent of the parameters a and d. Note also that the impulse
time � is free.

Now consider the orbit transfer from �a0; d0; c0� to ��;�; cf� bym
impulses �_x� f�_xj; tjg. The same reasoning based on the
monotonicity condition used for Lemma 1 then shows that the
minimum total velocity change is independent of m, and

min�VT��_x� � njcf � c0j (45)

This gives the second lower bound for�VT��_x� of the transfer from
�a0; d0; c0� to �af; df; cf�, which completes the proof of Lemma 2.

B. Minimum for Out-of-Plane Motion

Let the initial phase of the chaser at t0 be �0, and consider the
transfer from b0 to bf. The solution to the minimum-fuel problem is
given by the following theorem.

Theorem 2. The single-impulse strategy f�_z�; t�g given here is
optimal with minimum velocity change �VT��_z�� � njbf � b0j,
where

t� � t0 � ��� � �0�=n� kT; k 2 Z� (46)

��� � �=2 or 3�=2, and

�_z� � n�b0 � bf� when �� � �=2;
�_z� � �n�b0 � bf� when �� � 3�=2

Proof. Let the initial phase of the chaser at t0 be�, and consider the
transfer fromb tob0. Now examine how the size parameter b changes
after an impulse �_z at t. From Eq. (20), the parameter b becomes

b1 � �z2�t� � �_z�t� ��_z�2=n2	1=2 (47)

Substitute Eq. (21) into Eq. (47) to obtain

�_z2 � 2bn sin�n�t � t0� � �	�_z� �b2 � b21�n2 � 0 (48)

Setting b1 � b0 in Eq. (48) and solving it for �_z, one arrives at

�_z� bn sin ��
 n�b02 � b2cos2 ���1=2 (49)

where n�t � t0� � �� ��� 2k� (0 
 �� < 2�, k 2 Z�). Substitu-
tion of Eq. (49) into Eq. (22) with m� 1 yields

�VT��_z� � njb sin ��
 �b02 � b2cos2 ���1=2j

This is minimized by ��� � �=2 or 3�=2, and the optimal impulse is

�_z� � n�b � b0� when ��� � �=2;

�_z� � �n�b � b0� when ��� � 3�=2
(50)

and the total velocity change is

�VT��_z�� � njb0 � bj (51)

The proof follows by setting b� b0 and b0 � bf .
The optimal phase ��� determines the position of the chaser at the

impulse time t� t�. Because

z�t�� � b cos�n�t� � t0� � �	 � b cos ��� � 0

t� is the time at which the chaser intersects with the orbit plane.
Points C and D in Fig. 2 are those points.
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Note that optimal m-impulse strategies can be constructed by
taking increasing or decreasing intermediate orbits and applying
optimal single impulses successively. A multi-impulse transfer is
useful for a docking problem to reduce the final velocity change.

Remark 1. In view of Eqs. (33) and (51), the minimum velocity
change required to change the size parameter for the out-of-plane
motion is lager, by a factor of two, than that for the in-plane motion.

IV. Optimal and Suboptimal Strategies
for In-Plane Motion

Let �a0; d0; c0� and �af; df; cf� be the initial andfinal orbits for the
in-plane motion, respectively. The goal of this section is to establish

inf �VT��_x� �max�njaf � a0j=2; njcf � c0j�

and to show that, at most, three impulses are necessary to attain the
minimum or to make the total velocity change arbitrarily close to the
infimum.

In view of Theorem 1, the lower bound of �VT��_x� is njaf �
a0j=2 if jaf � a0j=2> jcf � c0j. In this case, optimal velocity
changes with respect to a are adopted as candidates for optimal
strategies. In fact, if the requirements ford and c are satisfied, then the
lower bound is achieved and impulse strategies become optimal. If,
on the other hand, jaf � a0j=2< jcf � c0j, the lower bound is
njcf � c0j. In this case, optimal velocity changeswith respect to c are
taken as candidates, and the requirements for a and d are examined.
Let the initial phase at t0 be �0.

A. Case 1: jaf � a0j=2> jcf � c0j

In this case, optimal three-impulse strategies, which attain the
lower bound, will be constructed. Note that by assumption af ≠ a0.
Our main results are summarized in the following theorem.

Theorem 3. Suppose jaf � a0j=2> jcf � c0j holds. Then the
minimal total velocity change is�V�T � njaf � a0j=2 and the three-
impulse strategy �_x� � f�_x�j ; tjg given by

�_x�j � � 0 �_y�j 	T; n�tj � tj�1� � ��j�1 � ���j � 2kj�;

�_y�j �
�
n�aj�1 � aj�=2 if ���j � 0

�n�aj�1 � aj�=2 if ���j � �
(52)

with ���0 � �0 and a3 � af is well defined and optimal if
1) � ���1 ; ���2 ; ���3� � ��; 0; ��, 2) aj, j� 1, 2 are given by

a1 � a0 � ��af � a0�=2 � �cf � c0�	�k3 � 1=2�=�k2 � k3�
� ��d0 � df�=3�� �cf � c0�
� �2k1 � 2k2 � 2k3 � 1 � �0=��	=�k2 � k3�;

a2 � af � 2�cf � c0� � ��af � a0�=2 � �cf � c0�	
� �k2 � 1=2�=�k2 � k3� � ��d0 � df�=3�
� �cf � c0��2k1 � 2k2 � 2k3 � 1 � �0=��	=�k2 � k3�

(53)

and 3) k1, k3 2 Z�, k2 2 N are any integers satisfying, respectively,
feasible inequalities

2�cf � c0��2�k1� k2��� �0	
� ��a0 � af�=2� �cf � c0�	�2k3� 1��< �2=3��df � d0� (54)

2�cf � c0���2k1 � 1��� �0	
� ��a0 � af�=2� cf � c0	�2k2 � 1��> �2=3��df � d0� (55)

when a0 > af, or feasible inequalities

2�cf � c0��2�k1 � k2��� �0�	
� ��af � a0�=2� cf � c0	�2k3 � 1��> �2=3��df � d0� (56)

2�cf � c0���2k1� 1��� �0	
� ��af � a0�=2� �cf � c0�	�2k2 � 1��< �2=3��df � d0� (57)

when a0 < af.
Proof. To show that the three-impulse strategy (52) iswell defined,

aj will be determined first. In view of the proof of Lemma 1, the
impulse �_x�j at tj changes parameter a from aj�1 to aj with

minimum velocity change njaj � aj�1j=2. To construct optimal
three-impulse strategies, parameters kj and ���j will be selected such
that the monotonicity condition on aj and the requirements c3 � cf
and d3 � df are satisfied. After each impulse, cj and dj are given by
Eq. (39) as follows:

�c1; ���1��
�
c0�

a0�a1
2

;0

�
or

�
c0�

a0�a1
2

;�

�

�c2; ���2��
�
c1�

a1�a2
2

;0

�
or

�
c1�

a1�a2
2

;�

�

�c3; ���3��
�
c2�

a2�af
2

;0

�
or

�
c2�

a2�af
2

;�

�

d1�d0� 3nc0�t1; d2�d1� 3nc1�t2; d3�d2� 3nc2�t3

(58)

where �tj � tj � tj�1 and

�c1; ���1� � �c0 �
a0 � a1

2
; 0�

for example, indicates c1 � c0 � �a0 � a1�=2 if ���1 � 0. In fact, by
Eq. (39), dj � dj�1 � 3ncj�1�tj and cj � cj�1 � �aj�1 � aj�=2 (if
��j � 0) after the impulse at tj. For orbit transfer, the equalities

d3 � df � 3ncf��t1 ��t2 ��t3� and c3 � cf are required. Now
set � ���1 ; ���2 ; ���3� � ��; 0; ��. Then,

�t1 � � ���1 � 2k1� � �0�n� ��2k1 � 1�� � �0	=n;
�t2 � � ���2 � 2k2� � ���1�=n� �2k2 � 1��=n;
�t3 � � ���3 � 2k3� � ���2�=n� �2k3 � 1��=n

(59)

where k1, k3 2 Z�, and k2 2 N. The required equalities, d3 � df and
c3 � cf, and Eq. (58) yield equations for aj, j� 1, 2:

df� d0� 3�cf � c0���2k1� 1��� �0	
� 3�cf � c1��2k2 � 1��� 3�cf � c2��2k3� 1��;

cf� c0 � �a0 � 2a1� 2a2 � af�=2;
c1� c0 � �a0 � a1�=2; c2� c1��a1 � a2�=2 (60)

These equations are solved for a1 and a2, and Eq. (53) is obtained.

To show that � _x� � f�_x�j ; tjg for the suitable choice of kj is
optimal, only the monotonicity condition should be assured. First,
consider the casea0 > af. Then themonotonicity condition becomes
a0 > a1 > a2 > af. The condition a0 > a1 is equivalent to the
inequality (54). The condition a1 > a2 is satisfied because
�a0 � af�=2� cf � c0 > 0. The condition a2 > af is equivalent to
Eq. (55). Because �a0 � af�=2> jcf � c0j, for any given k1 2 Z�,
Eq. (55) is satisfied for large k2 and, for this pair �k1; k2�, Eq. (54)
holds for large k3. Thus, the monotonicity condition is satisfied and
the orbit transfer is fulfilled with minimum total velocity change
n�a0 � af�=2.

Now consider the case a0 < af. Then the monotonicity condition
is a0 < a1 < a2 < af, and inequalities (54) and (55) are replaced by
inequalities (56) and (57), respectively. Because
�af � a0�=2> jcf � c0j, parameters kj, j� 1–3 can be chosen
such that inequalities (56) and (57) hold. Thus, the monotonicity
condition is satisfied, and the three-impulse strategy�_x� f�_x�j ; tjg
is optimal, completing the proof.
� ���1 ; ���2 ; ���3� � ��; 0; �� is not the only choice for optimality. For
� ���1 ; ���2 ; ���3� � �0; �; 0�, optimal three-impulse strategies can be
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constructed in a similar manner. Note that the minimum velocity
change V�T is independent of t0 and �.

In the special case c0 � cf � 0, inequalities in the theorem are
simplified, and the following corollary is obtained. In this case, the
two relative orbits are periodic and elliptic, which are particularly
important for passive flyaround and formation flight.

Corollary 1. Consider the transfer from �a0; d0; 0� to �af; df; 0�.
Define kj as8>>>>>><
>>>>>>:

k1 � 0 if 0 
 �0 
 �
k1 � 1 if � < �0 < 2�

k2 � 1; k� � 1< k3 2 N; if �a0 � af��d0 � df�> 0

k� < k2 2 N; k3 � 0; if �a0 � af��d0 � df�< 0

k2 � 1; k3 � 0; if d0 � df

(61)

and aj, j� 1, 2 by

a1 � a0 � ��af � a0�=2	�k3 � 1=2�=�k2 � k3�
� �d0 � df�=�3��k2 � k3�	

a2 � af � ��af � a0�=2	�k2 � 1=2�=�k2 � k3�
� �d0 � df�=�3��k2 � k3�	 (62)

where

k� � �1=2��1� 4jd0 � dfj=3ja0 � afj�	 (63)

is a positive number. Then the three-impulse strategy (52) is optimal,
and the minimum total velocity change is �V�T � njaf � a0j=2.

Proof. If c0 � cf � 0, Eq. (53) is simplified to Eq. (62). First,
assume a0 > af. Then Eq. (54) becomes

k3 > �1=2��1� 4�d0 � df�=3n�a0 � af��	 � 1

whereas Eq. (55) yields

k2 > �1=2���1 � 4�d0 � df�=3n�a0 � af��	

If d0 � df , choose k2 � 1 and k� � 1< k3 2 N. On the other
hand, if d0 < df, choose k

� < k2 2 N and k3 � 0. Then in each case
the monotonicity condition is satisfied, and the transfer from
�a0; d0; 0� to �af; df; 0�withminimum total velocity change�V�T �
n
2
jaf � a0j is fulfilled.
Now assume a0 < af. In this case, Eq. (56) leads to

k3 > �1=2��1 � 4�d0 � df�=3�af � a0��	 � 1

whereas Eq. (57) is equivalent to

k2 > �1=2��1� 4�d0 � df�=3�af � a0��	

If d0 � df, choose k� < k2 2 N and k3 � 0. On the other hand, if
d0 < df, choose k2 � 1 and k� < k3 2 N. These conditions are
summarized in a compact manner as Eq. (61).

Note that the transfer time tf ��t1 ��t2 ��t3 can be
minimized by the choice of smallest admissible kj. The three-
impulse transfer is described in Fig. 3. The initial relative orbit is the
ellipse denoted by E0�a0� with size parameter a0, and the initial
position of the chaser is at point A. The chaser stays in the initial orbit
until it reaches point B. There, the first impulse is applied, and the
drifting ellipse on which the chaser stays after the impulse is denoted
by E1�a1�. It drifts to E01�a1� and, at point C, the second impulse is
applied. The chaser then gets on the smaller drifting ellipseE2�a2�. It
drifts to E02�a2�, and the third impulse is applied to the chaser at
point D, which brings the chaser to the final orbit Ef�af�.

Remark 2. If cf � 0, a single-impulse transfer is not possible
because c1 ≠ 0 fora0 ≠ a1 � af. A two-impulse transfer is possible
only for special cases. For example, the final orbit should coincides
with some E2�a2�, which is not drifting.

Remark 3. For the docking problem, that is,
�af; df; cf� � �0; 0; 0�, the final velocity change is important. Using

Eqs. (52) and (62), it is given by

�_y�3 ��na2=2���d0=3� �2k2 � 1�a0=4	=�k2 � k3 � 1�

Hence, selecting a large k3, �_y�3 can be made arbitrarily small.
Remark 4. The optimal velocity changes in Theorem 2 are along

the y direction. Taking only velocity changes�_x, the minimum-fuel
problem for a single-impulse transfer from �a; d; c� to �a0;�;�� can
be solved. In viewofEq. (30), optimal pairs are � ��; �� � ��=2; 3�=2�
and �3�=2; �=2� with optimal velocity change

�_x� n�a � a0�; �_y� 0 when ��� �=2;
�_x��n�a � a0�; �_y� 0 when ��� 3�=2

(64)

The minimum velocity change is �V�T � nja0 � aj. Similarly,
considering theminimum-fuel problem for the transfer from �a; d; c�
to ��; d0;��, the following lemma can be proved.

Lemma 3. Consider the transfer from �a0; d0; c0� to �af; df; cf� by
velocity changes �_x. Then the following lower bound holds:

�VT��_x� � max�njaf � a0j; njdf � d0j=2� (65)

for any admissible m-impulse strategy �_x.
It can be shown that the lower bound is attained by at most two

impulses.

B. Case 2: jaf � a0j=2< jcf � c0j

Note that cf ≠ c0 in view of the assumption. In this case, the lower
bound of the total velocity change is njcf � c0j. Here impulses
�_x�j � � 0 �_y�j 	T with �_y�j � n�cj � cj�1� are employed. They

are optimal in changing parameter c from cj�1 to cj. Note that
impulse times are not specified for this change. Here the same
impulse times �tj given in case 1 are employed, that is,
n�tj � tj�1� � ���j�1 � ���j � 2kj�, j� 1–3, where ���j � 0, or �,
j� 1–3, and ���0 � �0. This choice is natural in that the velocity
change is tangential to the relative orbit as in case 1. It also justifies
the choice of impulse times jT=2 when feedback controls are
designed in the next section.

Contrary to case 1, optimal strategies, which attain the lower
bound njcf � c0j, do not exist in general. However, there exist
suboptimal three-impulse strategies whose total velocity change is
arbitrarily close to the lower bound.Ourmain results are summarized
as follows:

1) Consider the case c0 > cf.
a) If af > 0, suboptimal strategies with � ���1 ; ���2 ; ���3� � �0; �; ��

exist.
b) Ifaf � 0, suboptimal strategies with � ���1 ; ���2 ; ���3� � �0; �; ��

or �0; �; 0� exist.
c) Optimal strategies with � ���1 ; ���2 ; ���3� � �0; 0; �� exist if there

are k1, k3 2 Z�, and k2 2 N that satisfy the inequalities

�d0 � df�=3< �c0 � cf��2�k1 � k2�� � �0	
� �1=2��c0 � cf � �af � a0�=2	�2k3 � 1�� (66)

Fig. 3 Three-impulse transfer.
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�c0 � cf��2k1� � �0� � �1=2��c0 � cf � �af � a0�=2	
� �2�k2 � k3� � 1	� < �d0 � df�=3 (67)

2) Consider the case c0 < cf.
a) If af > 0, suboptimal strategies with � ���1 ; ���2 ; ���3� � ��; 0; 0�

exist.
b) If af � 0, suboptimal strategies with � ���1 ; ���2 ; ���3� � ��; 0; 0�

or ��; 0; �� exist.
c) Optimal strategies with � ���1 ; ���2 ; ���3� � ��; �; 0� exist if there

are k1, k3 2 Z�, and k2 2 N that satisfy the inequalities

�df � d0�=3< �cf � c0���2�k1 � k2� � 1�� � �0	
� �1=2��cf � c0 � �af � a0�=2	�2k3 � 1�� (68)

�cf � c0���2k1 � 1�� � �0	 � �1=2��cf � c0 � �af � a0�=2	
� �2�k2 � k3� � 1	� < �df � d0�=3 (69)

Proof. After the impulse �_x�j , parameters a and d are given by

�a1; ���1�� �ja0� 2�c1� c0�j;0� or �ja0� 2�c1� c0�j;��;
�a2; ���2�� �ja1� 2�c2� c1�j;0� or �ja1�2�c2� c1�j;��;
�a3; ���3�� �ja2� 2�cf � c2�j;0� or �ja2� 2�cf � c2�j;��;
d3�d0� 3nc0�t1� 3nc1�t2� 3nc2�t3

(70)

In fact, if, for example, ���j � 0, then by Eqs. (10) and (11)

aj � ��3x�tj� � �2=n�� _y�tj� ��_y�j �2 � � _x�tj�=n�2	1=2

� j3�2cj � aj cos ���j � � 2�3cj � 2aj cos ��
�
j � � cj � cj�1j

� jaj � 2�cj � cj�1�j

For the orbit transfer, equalities d3 � df � 3ncf��t1 ��t2 ��t3�
and a3 � af are required.

First, consider case 1c. Setting � ���1 ; ���2 ; ���3� � �0; 0; ��, the
parameters cj, j� 1, 2 will be determined so that the monotonicity
condition c0 > c1 > c2 > cf is satisfied. In this case, Eq. (70) and the
aforementioned requirements yield

a1 � ja0 � 2�c1 � c0�j � a0 � 2�c0 � c1�;
a2 � ja1 � 2�c2 � c1�j � a0 � 2�c0 � c2�

(71)

a3 � ja2 � 2�cf � c2�j � ja0 � 2�2c2 � cf � c0�j � af;
df � d0 � 3n�cf � c0��t1 � 3n�cf � c1��t2 � 3n�cf � c2��t3

(72)

Now, in view of the assumption jaf � a0j=2< jcf � c0j, c2 given by

c2 � �1=2��cf � c0 � �af � a0�=2	 (73)

is positive and satisfies Eq. (71) and the inequality c0 > c2 > cf.
Determine c1 by Eq. (72). Then

c1 � cf � �1=6k2���df � d0 � 3�cf � c0��2k1� � �0�
� 3�cf � c2��2k3 � 1��	 (74)

which assures d3 � df. The condition c0 > c1 is then equivalent to
the inequality (66), and the condition c1 > c2 is equivalent to the
inequality (67). Note that the inequalities (66) and (67) are consistent
in the sense that the right-hand side of the inequality (66) is greater
than the left-hand side of the inequality (67). If there exist integers k1,
k2 2 N, and k3 2 Z� that satisfy inequalities (66) and (67), the three-
impulse strategy �_x� � f�_x�j ; tjg is optimal.

Now, consider the case 1a. Set � ���1 ; ���2 ; ���3� � �0; �; �� and choose

c1 � �1=2��cf � c0 � �af � a0�=2	 (75)

Note that the assumption jaf � a0j=2< jcf � c0j implies
c0 > c1 > cf. Using Eq. (72), set c2 � cf � �, where

�� �1=3n�t3��df � d0 � 3n�c0 � cf��t1 � 3n�c1 � cf��t2	
(76)

Thend3 � df. Choosing a large k3, � can bemade arbitrarily small so
that af � 2� � 0. Now, from Eq. (70)

a1 � ja0 � 2�c1 � c0�j � a0 � 2�c0 � c1�;
a2 � ja1 � 2�c2 � c1�j � ja0 � 2�2c1 � c0 � c2�j � jaf � 2�j
� af � 2�;

a3 � ja2 � 2�cf � c2�j � jaf � 2� � 2�j � af

where Eq. (75) is used for the second equality. Because � is arbitrarily
small,a2 > 0. Hence, the requirements ona3 andd3 are satisfied. The
total velocity change is

�VT��_x�� � n�jc1 � c0j � jc2 � c1j � jcf � c2j� � n�jc0 � c1j
� jcf � � � c1j � ��

 n�jc0 � c1j � jc1 � cfj � 2�� � n�c0 � cf� � 2n�

because c0 > c1 > cf. Thus,�VT can bemade arbitrarily close to the
lower bound njcf � c0j.

Next, consider the case 1b. If � is nonnegative, then a2 is
nonnegative and the same conclusion holds. If � > 0, keep c1 and c2
as they are and change ���3 to 0. Again, by Eq. (70)

a2 � j0 � 2�j � 2�;

a3 � ja2 � 2�cf � c2�j � j2� � 2�j � 0� af

Hence, the conditions on a3 and d3 are satisfied, and

�VT��_x�� 
 njcf � c0j � 2nj�j

Again,�VT can be made arbitrarily close to the infimum njcf � c0j.
Now, consider the case 2c. For the choice � ���1 ; ���2 ; ���3� � ��; �; 0�,

Eq. (70) and the requirements a3 � af and d3 � df yield

a1 � a0 � 2�c1 � c0�; a2 � a0 � 2�c2 � c0�;
a3 � ja2 � 2�cf � c2�j � ja0 � 2�2c2 � cf � c0�j � af

(77)

and

df � d0 � 3n�cf � c0��t1 � 3n�cf � c1��t2 � 3n�cf � c2��t3
(78)

Equation (77) gives

c2 � �1=2��cf � c0 � �af � a0�=2	 (79)

and, hence, c0 < c2 < cf, whereas Eq. (78) yields

c1 � cf � �1=3n�t2��df � d0 � 3n�cf � c0��t1
� 3n�cf � c2��t3	 (80)

As in the case 1c, the monotonicity condition leads to two
inequalities (68) and (69).

Similarly, suboptimal three-impulse strategies can be constructed
by setting � ���1 ; ���2 ; ���3� � ��; 0; 0� in case 2a and � ���1 ; ���2 ; ���3� �
��; 0; 0� or ��; 0; �� in case 2b, respectively.

C. Case 3:jaf � a0j=2� jcf � c0j

In this case, the lower bound is njaf � a0j=2� njcf � c0j and
cf � c0 
 �af � a0�=2. Using the first two impulses given by
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Eq. (52), suboptimal strategies will be constructed. The main results
of this subsection are given as follows:

1) Consider the case cf � c0 � �af � a0�=2 and af ≠ a0.
a) If af > 0, suboptimal two-impulse strategies with � ���1 ; ���2� �
��; �� exist.

b) Ifaf � 0, suboptimal two-impulse strategieswith � ���1 ; ���2� �
��; �� or suboptimal three-impulse strategies with � ���1 ; ���2 ; ���3� �
�0; �; �� or �0; �; 0� exist.
2) Consider the case cf � c0 � �af � a0�=2 and af ≠ a0.

a) If af > 0, suboptimal two-impulse strategies with � ���1 ; ���2� �
�0; 0� exist.

b) If af � 0, suboptimal two-impulse strategies with
� ���1 ; ���2� � �0; 0�, or suboptimal three-impulse strategies with
� ���1 ; ���2 ; ���3� � ��; 0; �� or ��; 0; 0� exist.
3) Consider the case af � a0 and cf � c0.

a) Suboptimal two-impulse strategies with � ���1 ; ���2� � ��; �� or
(0,0) exist.
Proof. Take two impulses given by Eq. (52) with a2 � af . Then d

and c become

d2 � d1 � 3nc1�t2 � d0 � 3nc0�t1 � 3nc1�t2;

�c1; ���1� �
�
c0 �

a0 � a1
2

; 0

�
or

�
c0 �

a0 � a1
2

; �

�
;

�c2; ���2� �
�
c1 �

a1 � af
2

; 0

�
or

�
c1 �

a1 � af
2

; �

� (81)

First, consider the case 1a. Let � ���1 ; ���2� � ��; ��. By Eq. (81),
c2 � c1 � �a1 � af�=2� c0 � �af � a0�=2� cf. Equation (81) to-
gether with the requirement d2 � df � 3ncf��t1 ��t2� gives the
equation for a1

df � d0 � 3n�cf � c0��t1 � 3n�cf � c0 � �a0 � a1�=2	�t2
(82)

and, hence,

a1 � a0 � 2�cf � c0� � �2=3n�t2��d0 � df � 3n�cf � c0��t1	
� af � �2=3n�t2��d0 � df � 3n�cf � c0��t1	 � af � � (83)

where, for the second equality, the assumption cf � c0 � �af �
a0�=2 is used, and

�� �2=3n�t2��d0 � df � 3n�cf � c0��t1	

Because af > 0, a1 � af � � � 0 for a large k2. In this case, the
total velocity change is

�VT��_x�� � �n=2��ja0 � a1j � ja1 � afj�
� �n=2��ja0 � �af � ��j � j�j� 
 �n=2�ja0 � afj � nj�j

Hence, �VT can be made arbitrarily close to the infimum
njaf � a0j=2.

If af � 0 and � > 0, then a1 > 0 and the same conclusion holds.
However, ifaf � 0, then cf � c0 � a0=2< c0. Thus, the suboptimal
three-impulse strategies with � ���1 ; ���2 ; ���3� � �0; �; �� or �0; �; 0� in
case 2, 1b can be employed. This proves 1b.

Now, consider case 2a. In this case, set � ��1; ��2� � �0; 0�. Again,
Eq. (81) gives c2 � cf. Now Eq. (82) is replaced by

df � d0 � 3n�cf � c0��t1 � 3n�cf � c0 � �a0 � a1�=2	�t2
(84)

and Eq. (83) by

a1 � a0 � 2�cf � c0� � �2=3n�t2��d0 � df � 3n�cf � c0��t1	
� af � �2=3n�t2��d0 � df � 3n�cf � c0��t1	 � af � � (85)

A simple modification of this proof establishes case 2.

Finally, consider case 3. Suppose a0 � af > 0. Employ the two-
impulse strategy of 1a with � ���1 ; ���2� � ��; ��. Then Eq. (82)
becomes

df � d0 � 3n�a0 � a1�=2�t2

and

a1 � a0 � 2�d0 � df�=�3n�t2� (86)

Hence, a1 is positive and arbitrarily close to a0 for a large k2, and
�VT can be made arbitrarily small.

Suppose a0 � af � 0. In this case, a1 given by Eq. (86) is positive
if df < d0 and is arbitrarily small for large k2. On the other hand, if
df > d0, choose � ���1 ; ���2� � �0; 0�. Then

df � d0 � 3n�a0 � a1�=2�t2

and the same conclusion holds. Hence, in either case, suboptimal
two-impulse strategies can be constructed. This completes the proof
of all results 1–3.

V. Asymptotic Transfer by Feedback Control

In the previous section, the minimum-fuel problem for in-plane
motion has been considered, and the optimal three-impulse controls
are obtained. They are open-loop controls and depend on the exact
knowledge of the system and its state. They are not able to cope with
uncertainties or disturbances. Furthermore, the relative orbits of the
HCW equations are not those for the nonlinear equations of the
relative motion (1–3). To transfer to a relative orbit of nonlinear
equations, the initialization process [25] could be used. But in this
section, feedback controls, which fulfill the asymptotic relative orbit
transfer and keep the final orbit, with small total velocity change are
proposed for both the in-plane and out-of-plane motion. The design
is based on the linearized equations.

A. Asymptotic Transfer for In-Plane Motion

For simplicity, nt0 � �0 with 0 
 �0 
 � is assumed so that the
position of the chaser at t� 0 is x1�0� � � a0 0 0 �2a0n 	T .
Then the initial position of the chaser at t0 is x10 � eA1t0x1�0�, where
t0 is the initial time to start control action.

Because all of the impulse times for the optimal and suboptimal
strategies in the previous section are of the form tj � jT=2, the in-
plane motion with impulse inputs �_xj at time tj � jT=2 is
considered:

_x 1�A1x1 �t≠ jT=2�; �x1�jT=2��B1�_xj; x1�t0��x10

(87)

To design feedback controllers, a virtual vehicle is introduced in the
final orbit, which is given by

_x 2 � A1x2; x2�t0� � x20

where x20 is the initial condition of the virtual vehicle on the final
orbit. Then the error vector x� x1 � x2 satisfies the equation

_x�A1x �t≠ jT=2�; �x�jT=2��B1�_xj; x�t0�� x0

(88)

where x0 � x10 � x20. Now set xj � x�jT=2��, A1d � eA1T=2, and
discretize Eq. (88) to obtain

x j�1 � A1dxj � B1d�_xj (89)

where

A1d�

7 0 0 4=n
�6� 1 �4=n �3�=n
0 0 �1 0

�12n 0 0 �7

2
664

3
775; B1d�

0 0

0 0

1 0

0 1

2
664

3
775 (90)
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Recall that a linear discrete-time system �A;B� is NCVE if any
initial state of the system can be steered to the origin by a control with
an arbitrarily small l2 norm [26,28]. The necessary and sufficient
conditions for this are that �A;B� is controllable and j�j 
 1 for any
eigenvalue � of A. Because �A1d; B1d� is controllable and the
eigenvalues of A1d are �1; 1;�1;�1�, the system equation (89) is
NCVE. In fact, if �A1; B1� is NCVE, so is �A1d; B1d�[28]. To exploit
this property, consider the linear quadratic regulator problem given
by the cost function

J��_x;x0� �
X1
j�1
�xTj Qxj ��_xTj �j�R�_xj	

whereQ � 0 andR > 0 and �
����
Q
p

; A1d� is assumed to be observable.
Then, there exists a unique positive definite stabilizing solution of the
algebraic Riccati equation (ARE):

X� AT1dXA1d �Q� AT1dXB1d�R� BT1dXB1d��1BT1dXA1d

The optimal control is given by the stabilizing feedback (impulse)
control

�_x�j � Kdxj; Kd ���R� BT1dXB1d��1BT1dXA1d (91)

Because the feedback law Eq. (91) is stabilizing, xj ! 0 as j!1.
Note that X! 0 as Q! 0. Moreover, the l2 norm of the feedback
control�_x� goes to zero. Hence, the chaser tracks the virtual vehicle
asymptotically, and the asymptotic transfer to the final orbit is
assured. The total velocity change of the feedback control is
identified with the l1 norm and, in general, it decreases as Q! 0.
Hence, by choosing a small Q, feedback controllers with good
performance are obtained. For this design, a large R could be used
instead of a small Q.

B. Asymptotic Transfer for Out-of-Plane Motion

Suppose the chaser lies on the orbit b0 initially and that nt0 � �0.
Then, at t� 0, x�0� � b0 0

� �
T . Because all impulse times for

optimal strategies in this case are of the form tj � jT=2, a natural
choice for the impulse interval for feedback control isT=2. However,
eA2T=2 ��I (identity matrix), and �eA2T=2; B2� is not controllable.
Hence, the impulse interval T=4 is adopted. Now

A2d � eA2T=4 �
0 1=n
�n 0

� �

and �A2d; B2d� is controllable. The discrete-time system �A2d; B2d� is
NCVE, and feedback controllers can be designed by the regulator
theory as in the case of the in-plane motion.

VI. Simulation Results

In our simulation, the height hc of the circular orbit of the target
spacecraft is assumed to be 500 km. Then, the period of this circular

orbit is T � 5676 s (1.58 h) and the orbit rate is n� 1:1068 �
10�3 rad=s as given in Table 1, which also includes the radius of the
Earth (Re), the gravitational constant of the Earth (�e).

A. Simulation Results for In-Plane Motion

The parameters of the initial and final orbits are assumed to be
�a0; d0� � �50; 50� �km� and �af; df� � �5; 0� �km�, respectively,
and the initial phases of the chaser and the virtual vehicle are assumed
to be ��0; �f� � ��; ��. These orbits approximately correspond to
the elliptic orbits with an eccentricity of 0.0073 and 0.0008 in the
inertial frame. Because �0 � �, it follows that t0 � T=2. Hence, the
chaser’s initial phase is one of the optimal phases, and the first
impulse time is t0, that is, �t1 � 0 s. The chaser is initially at
�x10; y10� � ��50; 50�, whereas the virtual vehicle is at
�x20; y20� � ��5; 0�. To design a feedback impulse controller, the
matricesQ� I and R� 10rI in the ARE are assumed. To introduce
a stopping rule for simulation, let dmin denote the minimum distance
of a point in the final orbit from its center and vmin the minimum
velocity of the chaser in the final orbit. The chaser is regarded in the
final orbitwhen jxj; jyj< 10�3 � dmin and j _xj; j _yj< 10�3 � vmin. The
time required to get on the final orbit is called the settling time and is
denoted byTs. To see that Eq. (89) is NCVE,Ts and the total velocity
change (l1 norm) of the closed-loop controller are calculated for
r� 0–9 (see Fig. 4). The total velocity change approaches the
minimum total velocity change at the expense of the transfer time.
The feedback controller for r� 7�R� 107I�, which gives Ts � 10T
(15.8 h), is selected and applied to Eqs. (4) and (5).

First, consider the three-impulse transfer. For this example k� �
0:736 and �k1; k2; k3� � �0; 1; 1� are admissible and correspond to
the minimal time transfer. The optimal three-impulse strategy brings
the chaser to the final orbit after the third impulse at t3 � 3T=2. Thus,
the transfer time is Ts � T. Its total velocity change is
�V�T � 24:9028 m=s, and the control inputs ��_y�1 ;�_y�2 ;�_y�3� �
��3:2899; 12:4514;�9:1616� �m=s2� are found in Table 2, inwhich
the data of the initial and final orbits are also given. The controlled
trajectory associated with the optimal three-impulse controller is
given in Fig. 5. Now apply the feedback controller to the in-plane
motion (87). The solid line indicates the controlled trajectory of the
chaser in Fig. 5 and the control inputs in Fig. 6, respectively. The
settling time is Ts � 10T � 56; 760 s (15.8 h) and the total velocity
change of the closed-loop control is 25:6909 m=s. The maximum
values of the inputs �_x and �_y denoted by �_xmax and �_ymax are

a) b)

, m
/s

, s

Fig. 4 Settling time Ts and total velocity change.

Table 1 Constants and common parameters

Constants Values
Re 6378.136 km
�e 398; 601 km3=s2

Common parameters Values
hc 500 km
n 1:1068 � 10�3 rad=s
T 5676 s (1.58 h)
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�1:71297; 8:68181� �m=s2�. They are also important performance
indices, because they are factors that determine the specifications for
a thruster. All of these performance indices are given in Table 2. The
impulse�_x in Fig. 6 remains small, and the total velocity change of
the closed-loop controller is about the same as the minimum velocity
change of the optimal three-impulse controller. As expected, �_xmax

and �_ymax are smaller than maxjj�_y�j j.
Setting z� 0, both the optimal three-impulse controller and the

feedback controller are applied to the original nonlinear equations (1)

and (2). The controlled trajectory of the chaser is given in Fig. 7, and
the performance indices are given in Table 2. The optimal open-loop
controller does not fulfill the orbit transfer, because the final orbit is
not a periodic orbit of the nonlinear equations. After the third
impulse, the chaser starts drifting if the simulation is continued. On
the other hand, the closed-loop controller accomplishes the orbit
transfer with a little extra velocity change. Its total velocity change is
25:8392 m=s and is close to that of the HCW equations. Hence, the
linear feedback controller works well for the original nonlinear
systems.

B. Simulation Results for Out-of-Plane Motion

The size parameter b of the initial and final orbits is assumed to be
�b0; bf� � �50; 0� �km� and the phase parameter is assumed to be
��0; �f� � �7�=4; 0�. The first impulse time is then t�z1 � 3T=8 s.
The matrices Q and R in the ARE are assumed to be Q� I and
R� 1, where I is the identity matrix of the appropriate dimension.
The feedback controller is applied to the linearized equation (6) and
to the nonlinear equation (3) with x� y� 0. As a stopping rule, the
chaser is regarded to be in the final orbit when jzj< 10�2 and
j_zj< n � 10�2. As both responses are similar, only the trajectory of
the nonlinear equation and the control inputs are depicted in Figs. 8
and 9, respectively. The transfer time is Ts � 36194 s (10.0 h). The
velocity change of the optimal impulse is�V�T � 55:3397 m=s. The
total velocity change of the feedback controller is 55:9433 m=s,
which is almost equal to�V�T . The maximum values of the inputs uz
denoted by �_zmax are about 60% of �V�T . All of these performance
indices are given in Table 3.

Table 2 Elliptic orbits and performance indices

Parameters Values
�a0; d0; �0� �50 km; 50 km; � rad�
�af; df; �f� �5 km; 0 km; � rad�
�t1 0 s

Performance for linearized equations
Closed-loop controller

�VT 25:6906 m=s
Ts 56,760 s (15.8 h)
�_xmax 1:71297 m=s2

�_ymax 8:68181 m=s2

Open-loop controller

�V�T 24:9028 m=s
Ts 5676 s (1.58 h)
��_y�1 ;�_y�2 ;�_y�3 � ��3:2899; 12:4514;�9:1616� m=s2

Performance for nonlinear equations
�VT 25:8392 m=s
Ts 56,760 s (15.8 h)
�_xmax 1:71297 m=s2

�_ymax 9:02290 m=s2
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Fig. 5 Trajectories of the linear equations.

Fig. 6 Control inputs of the linear equations.
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Fig. 7 Trajectory of the nonlinear equations.
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Fig. 8 Trajectory of the nonlinear equations.
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C. Simulation Results for Full Motion

Here feedback controllers for the in-plane and out-of-planemotion
are combined and applied to the nonlinear HCW Eqs. (1–3). The
parameters for simulation are set as �a0; d0; af; df��
�50; 50; 10; 0� �km�, ��0; �f� � �7�=4; 7�=4�, �b0; bf� � �50; 0�
�km�, and ��0; �f� � �7�=4; 7�=4� (see Table 4).

The first impulse time is t�1 � T=8� 11:8min for the in-plane
motion and t�z1 � 3T=8� 35:5min for the out-of-plane motion,
respectively. The feedback controller is applied to the linearized
equations (4–6) as well as to the nonlinear equations (1–3). The total
velocity change of the feedback controller is 79:2660 m=s for the

0 0.5 1 1.5 2 2.5 3 3.5 4
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4
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15
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 m

/s
2

∆ z′

Fig. 9 Control inputs.

Table 3 Performance indices for out-of-plane motion

Parameters Values
�b0; bf� (50 km, 0 km)
��0; �f� �7�=4 rad; 7�=4 rad�
t�1 2128 s (35.5 min)

Performance for the linearized equations
Closed-loop controller

�VT 55:9429 m=s
Ts 36,194 s (10.1 h)
�_zmax 34:1973 m=s2

Open-loop controller

�V�T 55:3397 m=s
Ts 2138 s (35.6 min)
�_z1 55:3397 m=s2

�VT 55:9433 m=s
Ts 36,194 s (10.1 h)

Performance for nonlinear equations
�_zmax 34:1981 m=s2

Table 4 Performance indices for three-dimensional motion

Parameters Values
�a0; d0; af; df� (50 km, 50 km, 10 km, 0)
��0; �f� �7�=4 rad; 7�=4 rad�
�b0; �0; bf; �f� �50 km; 7�=4 rad; 0 km; 7�=4 rad�
t�1 710 s (11.8 min)
t�z1 2128 s (35.5 min)

Performance for the linearized equations
�VT 79:2660 m=s
Ts 45,024 s (12.5 h)
�_xmax 0:112185 m=s2

�_ymax 10:0327 m=s2

�_zmax 34:2018 m=s2

Performance for the nonlinear equations
�VT 92:0445 m=s
Ts 45,025 s (12.5 h)
�_xmax 9:01859 m=s2

�_ymax 5:77733 m=s2

�_zmax 33:5825 m=s2

Minimum total velocity change
�V�T 77:4756 m=s2
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Fig. 10 Three-dimensional trajectory of the chaser.

Fig. 11 Control inputs.
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Fig. 12 In-plane motion.
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linearized equations, whereas it becomes 92:0445 m=s for the
nonlinear equations. Other performance indices are given in Table 4.
The controlled trajectory of the nonlinear equations in the �x; y; z�
space are depicted in Fig. 10, and the control inputs are depicted in
Fig. 11. The trajectory of the HCW equations is also included. The
projections of the trajectories onto the �x; y� plane and the �z; _z� plane
are given in Figs. 12 and 13, respectively.

VII. Conclusions

In this paper, the relative orbit transfer problem associatedwith the
HCW equations is considered. The minimum-fuel problem with
impulsive controls is formulated as an open-time problem. For the in-
plane motion, two lower bounds for the minimum total velocity
change are established, and optimal impulse strategies that attain the
lower bound are constructed when the difference of the size
parameters is large compared with that of drift parameters. It is
shown that the impulse times for the optimal strategies are those
instants at which the velocity in the radial direction is zero. If the
difference of the drift parameters is larger than that of the size
parameters, only suboptimal strategies with two or three impulses are
assured, whose total velocity changes are arbitrarily close to the
lower bound.

For the out-of-plane motion, optimal single impulses exist, and
their impulse times are those instants at which the chaser crosses the
orbit plane of the target.

Based on these results and the null controllability with vanishing
energy of the Hill–Clohessy–Wiltshire equations, feedback
controllers with a total velocity change close to the optimal one are
proposed. Numerical simulations for the three-dimensional relative
motion are presented, and a feedback controller with good
performance is obtained.
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